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Abstract. In this paper we consider square functions (also called Littlewood-Paley g-functions) 
associated to Hankel convolutions acting on functions in the Bochner Lebesgue space L p ((0, oo), B), 
where B is a UMD Banach space. As special cases we study square functions denned by frac- 
tional derivatives of the Poisson semigroup for the Bessel operator = — x~ x ^x 2x ^. x ~ A > 
A > 0. We characterize the UMD property for a Banach space B by using L p ((0, co), B)- 
boundedness properties of (/-functions defined by Bessel-Poisson semigroups. As a by product 
we prove that the fact that the imaginary power A?", u) £ R \ {0}, of the Bessel operator 
A^ is bounded in L p ((0, oo),B), 1 < p < oo, characterizes the UMD property for the Banach 
space B. As applications of our results for square functions we establish the boundedness in 
L p ((0, oo), B) of spectral multipliers m(A\) of Bessel operators defined by functions m which 
are holomorphic in sectors E,j. 



1. Introduction 

Square functions (also called Littlewood-Paley g-functions) were considered in the works of 
Littlewood, Paley, Zygmund and Marcinkiewicz during the decade of the 30's in the last century. 
These functions were introduced to get new equivalent norms, for instance, in L p -spaces. By 
using these new equivalent norms the boundedness of some operators, for instance multipliers, 
can be established. 

Suppose that (f2, E, fi) is a cr-finite measure space and {T t } t>0 is a symmetric diffusion semi- 
group of operators in the sense of Stein ([30]). For every k € N, the square function associated 
to {T t } t >o is defined by 

(/•oo rlt\ ^/^ 

^ |^r t (/)(x)| 2 T J . 

In [421 P- 120] it is shown that, for every k £ N and 1 < p < oo, there exists C > such that 

(1) ^||/-£o(/)IU*>(n,M) < \\9k({T t }t> )(f)\\Lp^) <C\\f\\ LP( n^, feV(Sl t n), 

where E (f) = lim t _ i . 00 T t (/) is the projection onto the fixed point space of {T t }t>o- As appli- 
cation of it can be proved that Laplace transform type multipliers associated with {T t }t>o 
are bounded from L p (Q,(i) into itself, 1 < p < oo ([40j p. 121]). Note that when Eq = 0, 
says that by defining for every 1 < p < oo and k £ N, 

Ill/Ill* = \\9k({Tt}t>o)(f)\\L P{ ^), I G LP(n,v), 
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|| • is an equivalent norm to the usual norm in L p (Q,fj,). Meda in [34j extends the property 
(JT|) to symmetric contraction semigroups {T f } t> o with Eq — and he applies it to get the bound- 
edness in LP of spectral multipliers m(C) where the operator C is the infinitesimal generator of 
{Tj}t>o and m is an holomorphic and bounded function in a sector = {z G C : |Arg z\ < $}. 
Here 1 < p < oo and i? G [0, tt/2] are connected. 
We consider the functions 

e -M 2 /4t 

(2) Wt(z)= (4^' *eR»«mlt>0 1 

and 

where & n = 7T-(" +1 )/ 2 r((n + l)/2). 

As it is well-known the classical heat semigroup {W f }t>o is defined by 



W t (/)(ar) = / W t (x - y)f(y)dy, i€K" and t > 0, 
and the classical Poisson semigroup {Pt}t>o is given by 

¥ t (f)(x) = f V t (x - y)f(y)dy, x G K n and t > 0, 



for every / G L P (IR"). {Wt}t>o and {Pt}t>o are generated by —A and — \/A, respectively, where 
A = — X)j=i g^? denotes the Laplace operator. The classical heat and Poisson semigroups are 
the first examples of diffusion semigroups having trivial fixed point space. For every measurable 
function g : R n — > C, we define g t (x) = t~ n g(x/t), x 6 R n and t > 0. 
Let k G N. We can write 



x G 



ff*({w t } t>0 )(/)(x) = ( y * /)(x)i 2 T 

being <p{x) = d^G^x)^ and G(a:) = (47r)-"/ 2 e~l x l 2 / 4 , i G R". Also, we have that 



1/2 

g k (mt>o)(f)(x) = I / |(&*/)(z)| 3 ^) , xG 



eft 



where 0(a;) = <9 t fc P t (a;)| t=1 , a; G R". 

If ip G L 2 (R") we consider the square function defined by 

/ /-oo j.\ 1/2 

^(/)(*) = / l(^*/)0«0rV) . z e 



Thus, g^, includes as special cases gfc({Wj}t>o) and gfc({Pt}t>o)- 

In the sequel, if / G 6>(R n ), the Schwartz class, we denote by / the Fourier transform of / 
given by 

f(y)= ( ^lme-^dx, y G R™. 
As it is well-known the Fourier transform can be extended to L 2 (R") as an isometry in L 2 (R"). 

Theorem A. Suppose that rp G L 2 (R") satisfies the following properties: 

(i) if a — (ai, ...,a n ) G {0,1}" and \a\ = Y^j=i a j — 1+ [ n /^\i distributional derivative 
dx a i dx an ^ * s re P resen t e d by a measurable function and 

d \*\ 



sup 

\*\=U0 



OO 

.2|a| 



dt 

T <oo, 
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(ii) inf / |V>(fe)| 2 ->0. 

Then, for every 1 < p < oo, there exists C > such that 

^II/IUkk-) ^ II^(/)II^(k») < C||/|U P(R n ); / e #>(»"). 

Also, square functions can be defined by using functional calculus for operators (see, for 
instance, [3D] and [35]) ■ Note that if A is the infinitesimal generator of the semigroup {T t } t>0 
we can write, for every k £ N, 

t k d k t T t = F k (tA), t > 0, 

where F k (z) = (— z) k e~ z , z e C. 

Suppose that B is a Banach space and T is a linear bounded operator from L p (£l, fj.) into itself 
where 1 < p < oo. We define T®Ia on L p (f2, /z) <g)B in the usual way. If T is positive, T<g)/]B can 
be extended to L p (f2,/z,B) as a bounded operator from L p (Sl,/i,B) into itself, and to simplify 
we continue denoting this extension by T. 

The question is to give a definition for the square functions, when we consider functions 
taking values in a Banach space B, defining equivalent norms in the Bochner-Lebesgue space 
i7(Q,/z,B), KjXoo. 

Let {7t}i>o be a symmetric diffusion semigroup on a cr-finite measure space (fi, We 
denote by {Pt}t>o the subordinated semigroup to {T t } t>0 , that is, 

P t (/) = / — _T„(/)dt», * > 0. 
2V 71 " Jo u 7 

Thus {Pt}t>o is also a symmetric diffusion semigroup. The classical Poisson semigroup is the 
subordinated semigroup of the classical heat semigroup. 

In order to define g- functions in a Banach valued setting, the more natural way is to replace the 
absolute value in the scalar definition by the norm in B. This is the way followed, for instance, in 
[33] and [48] where they work with square functions defined by subordinated semigroups {Pt}t>o 
as follows 

/ roo ,. \ 1/2 

9iA{Pth>o)(f)(x) = U \\tdt p t(f)(x)\\nj) , x G CI. 

Actually in [33] and [IS] generalized square functions are considered where the L 2 -norm is re- 
placed by the L 9 -norm, 1 < q < oo. As a consequence of |33l Theorems 5.2 and 5.3] (see also [28] ) 
we deduce that for a certain 1 < p < oo there exists C > such that, for every / e L p (M. n ,M), 

^11/ |U»(R»,B) < |bl,B({Pt}i>o)(/)||zJ>(H'») < C||/|Uf(»»,B)) 

if, and only if, B is isomorphic to a Hilbert space. 

In order to get new equivalent norms for L P (Q, /x,B) by using square functions, for Banach 
spaces B which are not isomorphic to Hilbert spaces, stochastic integrals and 7-radonifying ope- 
rators have been considered. We point out the papers of Bourgain [TT], Hytonen [23], Hytonen, 
Van Neerven and Portal [53], Hytonen and Weis [5S], Kaiser (26 , and Kaiser and Weis |27| . 
amongst others. In this work we use 7-radonifying operators. We recall some definitions and 
properties about this kind of operators that will be useful in the sequel. 

Assume that B is a Banach space and H is a Hilbert space. We choose a sequence {7j}_,gn of 
independent standard Gaussian variables defined on some probability space (f2, J 7 , p). By E we 
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denote the expectation with respect to p. A linear operator T : H — > B is said to be 7-summing 
(T G 7°°(ff,B)) when 

1/2 

< 00, 



k 

||r|| 7 « (HiB) =su P ( e|^ 7 ,t(V 



where the supremum is taken over all the finite family {hj}j =1 of orthonormal vectors in H. 
7°°(i?, B) endowed with the norm || • || 7 =°(#.b) is a Banach space. We say that a linear operator 
T : H — > B is 7-radonifying (shortly, T G 7 (fl",B)) when T G J"(£f,B) 7 (ff ' B) , where J"(fl",B) 
denotes the span of finite range operators from H to B. If B does not contain isomorphic copies 
of c then, 7(#,B) = 7°°(iT,B) (HQ, EH| and 051 Theorem 5.9]). Note that if B is UMD, B 
does not contain isomorphic copies of cq. If H is separable and {ft. n } n( =N is an orthonormal basis 
of H, a linear operator T : H — > B is 7-radonifying, if and only if, the series Y^jLi IjTihj) 
converges in L 2 (f2,B) and, in this case, 

1/2 



OO 



||T|| 7 ~ (H)B) = E \ ^jT(hj) 



2 



3=1 

In the sequel we write || • H-y^B) to refer to || • || 7 >»(h,b) when acts on ^(H, B). 

Throughout this paper we always consider H — L 2 ((0, 00), dt/t). Suppose that / : (0, 00) — > 
B is a measurable function such that S o / e H, for every S G B*, the dual space of B. Then, 
there exists a bounded linear operator Tf : H — > B (shortly, Tf G L(H, B)) such that 

f°° dt 
(S , ,T / (/i)) b .,b= / (SJ{t)) M ',Mh{t) T , h & H and 5 G B*. 
Jo ' 

We say that / G 7((0, 00), dt/t,M) provided that T/ € 7(i/,B). If B does not contain isomorphic 
copies of Co, then the space {Tf : f G 7((0, 00), dt/t, B)} is dense in 7(i?,B). It is usual to 
identify / and Tf. 

Banach spaces with the UMD property play an important role in our results. The Hilbert 
transform H(f) of / G L P (R), 1 < p < 00, is defined by 



H(f)(x)= lim i / ^-dy : a.e. x G 

'|x-y|>e x ~~ V 



e->0+ 7T 



As it is well-known the Hilbert transform defines a bounded linear operator from L P (M.) into 
itself, 1 < p < 00, and from L 1 (M) into L^°°(IR). "H is defined on L P (R) ® B, 1 < p < 00, in 
a natural way. We say that B is a UMD space when the Hilbert transform can be extended 
to L P (R,M) as a bounded operator from L P (IR,B) into itself for some (equivalently, for every) 
1 < p < 00. There exist a lot of characterizations of UMD Banach spaces. The papers of 
Bourgain jTT] and Burkholder [T^] have been fundamental in the development of the theory of 
Banach spaces with the UMD property. UMD Banach spaces are the suitable setting to analyze 
vector valued Littlewood-Paley functions. 

Kaiser and Weis [27] (see also [26]) considered, for every ip G L 2 (R n ), the operator (usually 
called wavelet transform associated to ip) defined by 

W i> (f)(t,x) = (ilH*f)(x), xe R n and t > 0, 

for every / G 6>(Kl n ,B), the B- valued Schwartz space. 

The following result was established in [27, Theorem 4.2]. 



SQUARE FUNCTIONS AND SPECTRAL MULTIPLIERS FOR BESSEL OPERATORS IN UMD SPACES 5 



Theorem B. Suppose that B is a UMD Banach space with Fourier type r € (1,2] and ip € 
L 2 (M. n ) satisfies the following two conditions: 

(i) If a = {a.i, ...,a n ) £ {0,1}™ and \a\ < 1 + [n/r], the distributional derivative g x a n "0 
is represented by a measurable function and 



sup / t 

|*|=1 JO 



2\ a \ 



g|a| 



dx" 1 ...dx" 71 
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< oo. 



> 0. 



fii) inf , 

kl=iJo t 
Then, for every 1 < p < oo there exists C > smc/i that 



1 

C 



l/l! 



< l|W^(/)IU»>(R™,7(-f/,B)) < C'||/||lp(M", 



/ G 5(K n , 



Note that since j(H, C) = , Theorem [B] can be seen as a vector- valued generalization of 
Theorem |Aj We recall that every UMD Banach space has Fourier type greater than 1 ( [TUJ ) and 
the complex plane C has Fourier type 2. 

Our objective in this paper is to get new equivalent norms for L p ((0, oo),B), when B is a UMD 
Banach space, by using square functions involving Hankel convolutions and Poisson semigroups 
associated with Bessel operators. These square functions allow us to obtain new characteri- 
zations of UMD Banach spaces. We also describe the UMD property by the boundedness in 
L p ((0, oo),B), 1 < p < oo, of the imaginary power A^, u G M \ {0}, of the Bessel operator 

on (0, oo). As a consequence of our results about square functions 
-boundedness properties for spectral multipliers 



A A = 



„-A d ^2A d ™-A 



dx" 



dx " 



in the Bessel setting we obtain L p ((0, oo 
associated with Bessel operators. 

If J„ denotes the Bessel function of the first kind and order v > 

(3) 



1, we have that 
A\,x(v f xyJ\-i/2(xy)) = y 2 ^/xyJx-i/2{xy), x, y e (0, oo). 

Here and in the sequel, unless otherwise stated, we assume that A > 0. The Hankel transform 
h\(f) of / € L 1 (0, oo) is defined by 



h\(f)( x )= \/xyJ\-i/2{xy)f{y)dy, xe(0,oo). 
Jo 

This transform plays in the Bessel setting the same role as the Fourier transformation in the 
classical (Laplacian) setting (see (J3j ) . 

We consider the space S\(0, oo) of all those smooth functions <j> on (0, oo) such that, for every 
m, k e N, 

1 d 



v m ,k(^) = su p xTI 

ze(o,oo) 



x dx 



(x-*cf>(x)) 



< oo. 



If iSa(0, oo) is endowed with the topology generated by the family {r/^ k } m ,keti of seminorms, 
S\(0, oo) is a Frechet space and h\ is an isomorphism on 6>a(0, oo) ([49, Lemma 8]). Moreover, 
h^ 1 = h\ on 5x(0, oo). The Hankel transformation h\ can be also extended to L 2 (0, oo) as an 
isometry ([43, p. 214 and Theorem 129]). 

By adapting the results in [50] , we define the Hankel convolution /#a5 of /, g £ L 1 ((0, oo) , x x dx) 

by 

poo 

(f#\g)(x) = / f(y) xT x (g)(y)dy, x e (0,oo), 
Jo 

where the Hankel translation \T x {g) of g is given by 



\Tx{g){y) 



v^2^-i/2r(A) J 



(sm6) 



-i 9(V(x - y? + 2xy{\ - cos~0j) 
({x-y) 2 + 2xy(l-cos6)) x / 2 



d6, x, y e (0, oo). 
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Note that there is not a group operation o on (0, oo) for which 

\ T x(g)(y) = g{xoy), x,ye(o,oo). 

The following interchange formula holds 

(4) h x (f# x g)=x- x h x (f)h x {g), f, g G L\(0, oo), x x dx). 

If ip is a measurable function on (0, oo) we define 

V'(t)O) = i>(t)( x ) = ^A+r^(f)' t ' x e (°>°°)- 

If "0 € 5a(0, oo) and B is a Banach space, we define the operator (Hankel wavelet transform) 
B as follows: 

i) = (V' (t )#A/)(^), t, x e (0, oo), 

for every / G L p ((0, oo),B), 1 < p < oo. 

We establish in our first result a Hankel version of Theorem [B] 

Theorem 1.1. Let B be a UMD Banach space, A > and 1 < p < oo. Suppose that ip G 
S\(0, oo) is not identically zero and J„°° x x tp(x)dx = 0. Then, there exists C > sitc/i £/iai 

£il|/IU3>((0,oo),B) < ||W^ jB (/)||i J p((o i oo),7(J?,B)) < C||/IIlp((0,oo),B), 

for every / G L p ((0, oo),B). 

Harmonic analysis associated with Bessel operators was firstly analyzed by Muckenhoupt and 
Stein [36 . Recently, that study has been completed (see [2], [5] and [7]). 

The Poisson semigroup {P X }t>o associated to the operator Aa is defined as follows: 

/>oo 

P t x (f)(x)= P x (x,y)f(y)dy, t,xe(fi,oo), 
Jo 

for every / € L p (0, oo), 1 < p < oo. The Poisson kernel P x (x,y), t,x,y € (0, oo), is defined by 
(see gU) 

Pf{x,y) = — v tfy / -7 75 ^ — -/-^ rifl, t,x,y & (0, oo). 

* v ; 7T j .x-y 2 + 1 2 + 2xj/(l - cos A+1 » >y v > ; 



For every i > 0, we can write 

r ' L (*) 



P A (/) = X ( a 4) #a/, / G LP(0, oo), 1 < p < oo, 



where 



, A _ 2 A+1 /2r(A + 1) x A 



K x (x) = -± - (i + a; 2)A+i > *e(o,oo). 



Then, for every fc G N and / G L p (0, oo), 1 < p < oo, 

(poo ji \ 1/2 

y |(t fc ^ ) #A/)(a ! )| a yJ , xg(0,oo). 

(/-functions in the Bessel setting were studied in 

In [7] it was considered the square function defined by 

5i,B({P t A }*>o)(/)(x) = ( / \\td t P x {f){x)\\l-\ , xg(0,oo), 
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for every / € L p ((0, oo), B), 1 < p < oo. According to Theorems 2.4 and 2.5] and jH] we 
have that, B is isomorphic to a Hilbert space if, and only if, for some (equivalently, for every ) 
1 < p < oo, there exists C > for which 

i||/IU*((0,oo),B) < \\9l,M{{ P t X }t>0)(f)hn0,°o) < C||/|U P( (0,oo),B), / € £ P ((0, oo), B). 

Note that the semigroup {P x }t>o is not Markovian. Hence, the results in [33] do not imply 
those in [7]. Also the theory developed in [S3 J do not apply for the Bessel Poisson semigroup. 

In [35] Segovia and Wheeden defined a fractional derivative as follows. Suppose that F : 
VL x (0, oo ) — > C is a good enough function, where fl C K n , and /3 > 0. The /3-derivative <9f F 
is defined by 

d?F(x,t) = — — / dY l F{x,t + s)s m -^- 1 ds, x G 0, t G (0,oo), 

r(m-/3) 7 

where ?n 6 N and to — 1 < /3 < m. By using this fractional derivative, Segovia and Wheeden 
obtained characterizations of Sobolev spaces. 

If B is a Banach space and (3 > we define the operator Gpg by 

G X 4(f)(x) = t?d?P t \f)(x), t,xe (0,00), 

for every / G L p ((0, oo),B), 1 < p < oo. 

We now prove that the operators Gpg allow us to get new equivalent norms in L p ((0,oo),B) 
provided that B is a UMD space. 

Theorem 1.2. Let B be a UMD Banach space, X, ft > and 1 < p < oo. Then, there exists 
C > such that 

( 5 ) ^||/|Uf((0,oo),B) < I|G , p 'b(/)|| L p((o, 00 ), 7 (H,B)) < C||/||i»((0,oo),B)) 

for every f G L p ((0,oo),B). 

For every A > the Poisson semigroup {P 4 A } t >o is generated by — \/Aa m -^ p (0,oo), 1 < p < 
oo. According to |37l Proposition 6.1], {Pf}t>o is contractive in L p (0, oo), 1 < p < oo, provided 
that A > 1. Then, by J42J Theorem 6.1], equivalence ^ follows from |46[ Proposition 2.16] 
(see also [321 Lemma 2.3]) when A>1, /3>0, l<p<oo and B is a UMD Banach space. In 
Theorem 1 1.2 1 (|5| is established for every A > 0. Our proof (see Section[3]) does not use functional 
calculus arguments. We exploit the fact that the Bessel operator is, in some sense, a nice 
perturbation of the Laplacian operator —d 2 /dx 2 . We connect the g- function operator Gp'g with 
the corresponding operator associated with the classical Poisson semigroup and then we apply 
Theorem [B] 

We also consider square functions associated with Bessel Poisson semigroups involving deriva- 
tive with respect to x. If B is a Banach space we define, for every / G L P ((Q, oo), B), 1 < p < oo, 

Gp, S (f)(t, x) = tDl x P t x+1 (f)(x), x, t G (0, oo), 

where DX = —x~ x ^rx x . 



Theorem 1.3. Let B be a UMD Banach space, A > and 1 < p < oo. Then, the operator Qp 
is bounded from L p ((0, oo),B) into L p ((0, oo), 7 (if, B)). 
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The operators Gp\ and £/p B are connected by certain Cauchy-Riemann type equations and 
Riesz transforms associated with Bessel operators. These relations allow us to get new character- 
izations of UMD Banach spaces. Also, the equivalence of L p -norms in Theorem |1 ,2| characterizes 
UMD Banach spaces. In order to see this last property we need first to describe UMD Banach 
spaces by using L p -boundedness of the imaginary power u £ R \ {0}, of Bessel operators 
(see Proposition 5.1 1. 

Theorem 1.4. Let B be a Banach space and A > 0. The following assertions are equivalent. 

(i) B is UMD. 

(ii) For some (equivalently, for every) 1 < p < oo, there exists C > such that, 

(6) ^II/I|lp((o,oo),b) < ||Gp;B(/)|| LP ((o,oo), 7 (ffj$)), / € i p (0,oo) <g)B, 
and 

(7) ||Sp,b(/)|U*((0,oo), 7 (H,B)) < C||/|| LP(( o,oo),B), / G L p (0, oo) ® B. 

(Hi) For some (equivalently, for every) 1 < p < oo and (3 > 0, there exists C > such that, 
for 8 = f3 and 8 = (3 + 1, 

( 8 ) £ill/l|i>((0,oo),B) < l|Gp^(/)|| L p((o,oo), 7 (_f/,B)) < C||/IIlp((0,oo),B), / G L p (0, oo) (g) B. 



Inspired in |34[ Theorem 1] as application of the result in Theorem 1.2 we give sufficient 
conditions in order that spectral multipliers associated with Bessel operators are bounded in 
i p ((0,oo),B), 1 <p < oo. 

If /€ 5 A (0,oo) from ^ we deduce that 

h x (A x f){x) = x 2 h x (f){x), x e (0, oo). 

We define 

A A / = h x (x 2 h x (f)), f e D(A\), 
where the domain D(A\) of A\ is 

D(A\) = {/ e L 2 (0,oo) : x 2 h x (f) e L 2 (0,oo)}. 

Suppose that m 6 L°°(0, oo). The spectral multiplier m(A\) is defined by 

(9) m(A A )(/) = h x (m(x 2 )h x ), f e L 2 (0, oo). 

Since h x is bounded in L 2 (0, oo), it is clear that m(A x ) is bounded from L 2 (0, oo) into itself. At 
this point the question is to give conditions on the function m which imply that the operator 
m(A A ) can be extended from L 2 (0,oo) n L p (0,oo) to LP(0, oo) as a bounded operator from 
L p (0, oo) into itself for some p 6 (1, oo) \ {2}. 

In [3] and Laplace transform type Hankel multipliers were investigated. A function m is 
called of Laplace transform type when 

/>oo 

m (y) = V e~ yt ip(t)dt, y E (0,oo), 



for some ip £ L°°(0, oo). If m is of Laplace transform type then the operator m(A A ) defined in 
(|9| can be extended to L p (0, oo) as a bounded operator from L p (0,oo) into itself, 1 < p < oo, 
and from ^(0,00) into L l '°°{Q, 00) ([3], and 001 p. 121]). 
Let lj £ E \ {0}. The imaginary power A^ of A A is defined by 

AH/) = h x {y 2 ^h x {f)), /GL 2 (0,oo). 
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Since 

/■oo j-~iuj 

y lu =y e-y f — — — dt, ye (0,00), 

Jo T{l-iuj) 
the operator A^" is a Laplace transform type Hankel multiplier. 

In Proposition 5.1 (Section |5| we show that a Banach space B is UMD if, and only if, the 
operator A™, w S 1, is a bounded operator from L p ((0, oo), B) into itself, for some (equivalently, 
for every) 1 < p < oo. This is a Bessel version of |18[ Theorem, p. 402]. 

In the following theorem we establish a Banach valued version of |34l Theorem 1] for the 
Bessel operator. 

If m £ L°°(0, oo) we define, for every n £ N, 

m n (t, y) = (ty) n e~ tv/2 m(y 2 ), t,y £ (0, oo), 

and M. n (t, u), t £ (0, oo), u £ K, represents the Mellin transform of m n with respect to the 
variable y, that is, 

/•oo 

M n (t, u) = I m n (t, y)y~ m ~ 1 dy, u £ R and t > 0. 
Jo 

Theorem 1.5. Let B be a UMD Banach space, A > and m £ L°°(0, oo). Suppose that for 
some 1 < p < oo and n £ N the following property holds 

(10) / sup |7W n (i,it)|||A™ /2 || L p( (0!0o)i B)^LP((o,oo),B)du < oo. 

Then, m(A\) can be extended from 5a(0,oo) <g> B to L p ((0, oo),B) as a bounded operator from 
27((0,oo),B) into itself. 

We now specify some conditions over the function m and the UMD Banach space B for which 



(10 1 is satisfied. As in [34, Theorem 3] we consider m £ L°°(0,oo) that extends to a bounded 
analytic function in a sector = {z £ C : |Arg z\ < In this case, we have that 

sup \M n (t, u)\ < Ce^l/^l + M), iieR. 
t>o 

By |13|, Corollary 1] (see also (3J Corollary 1.2]) we can obtain that, for every 1 < p < oo, 

(11) ||A3n| i p (0)0o) _> i , ( o J oo) ^ °( 1 + l M l 3 lo S I«l) |1/P " 1/21 exp (w\l/p - 1/2|M) , 

where C > depends on p but it does not depend on u. 

Even when we consider the usual Laplacian operator instead of the Bessel operator A\, it is 



not known if (111 holds when the functions take values in a UMD Banach space (see, for instance, 
[411 Corollary 2.5.3]). In order to get an estimate as (111, replacing L p (0,oo) by L p ((0,oo),B) 
we need to strengthen the property of the Banach spaces as follows. B must be isomorphic to a 
closed subspace of a complex interpolation space [H, X]g, where 0<#<l,Hisa Hilbert space 
and X is a UMD Banach space. When B satisfies this property for some 9 £ (0, 1) we write 
B £ I g (ti,UMD). The class U ee{Qyl )I g (^,UMD) includes all UMD lattices ((351 Corollary on 
p. 216]) and it also includes the Schatten ideals C p , p £ (l,oo) (see [2]). It is clear that B is 
UMD provided that B £ U 9e(0 .i)/e(^, UMD). 

As far as it is known, it is an open problem whether every UMD Banach space is in Ug g (o j i) 
Ig{f{,UMD) f |38l Problem 4 on p. 220]). This class of Banach spaces has been used, for 
instance, in [23], [33J and [U], and also it plays a central role in the vector- valued version of 
Carleson's theorem recently established in |22| . 
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Theorem 1.6. Let A > 1. Suppose that m is a bounded holomorphic junction in for 
certain i? £ (0, 7r), ararf i/iai i/ie Banach space B is in Ig(^,UMD), for some 9 £ (0,$/7r). 
Then, the spectral multiplier m(A\) can be extended to L 9 ((0,oo),B) as a bounded operator from 
L 9 ((0,oo),B) into itself, for every q E [2/(1 + 0), 2/(1 - &)]. 

In the following sections of this paper we present proofs for our theorems. Throughout this 
paper C and c always denote positive constants, not necessarily the same in each occurrence. 

2. Proof of Theorem 11.11 
2.1. Firstly we prove that there exists C > such that 

( 12 ) I|W^ b (/)||lp((0,oo), 7 (H,B)) < C||/||i>((0,oo),B)' 

for every / e L p ((0, oo),B). 

We choose <p & <5(M) such that 4>{x 2 ) = x~ x tp(x), x <E (0,oo) (see [44, p. 85]). Then, we can 
write 



(j^r*- 1 r / yTz - y ) 2 + 2^(1- cos i 

at.w ( .,)(») = v;F2 ,-i /2r(A) y o * i 

x ((a; - y) 2 + 2ary(l - cos0)) _A/2 (sin0) 2A_1 d0 
_ (xy)^- 1 , x _ 1 J{ x -y) 2 + 2xy(l- 



cos ( 



^-i/2r(A)7 v ' * 2 

We define the function $ as follows 



(sin0) 2A ~V v ^ 2^ rff, t,x,y € (0, oo) 



It is not hard to see that $ £ <S(R). Hence, since <&(()) = (see (5j (17)]), <!> satisfies conditions 
(CI) and (C2) in [571 P- HI] ((*) and (ii) in Theorem 0. 
We consider the operator 

W<s,,®(f){t,x) = ($ t *f)(x), f e L P (R,M), te (0,oo) andieK. 

According to |27l Theorem 4.2] (Theorem |B| we have that, for every / g <S(R) ®B, 

(13) ||W$,B(/)||iP(lR,7(K,B)) < C||/IIlp(R,B)- 



We are going too see that the inequality Q holds for every / e L P (IR,B). Let / G L P (M,B). We 
choose a sequence (/„) n £N C 5(E) <g) B such that /„ — > /, as n — > oo, in L' P (M.,M). According 
to (13), by defining 

W*,b(/) = lim W$, B (/„), 

n— >-oo 

where the limit is understood in L p (R,j(H,M)), we have that 

||W$,b(/)||i,p(m,7(H,B)) < C||/I|lp(r,b)- 
Also, there exists an increasing sequence (n^keN C N and a subset fi of K such that 

W«3(/)(a;)= Urn W# )B (/n»)(-,a:), lell, 

> oo 

where the limit is understood in 7(if, B), and |K \ Cl\ = 0. 
For every e > 0, 

W<e.,b (/„)(•, a;) — ► W*,b (/)(•, a:), as n -> oo, in i 2 ((e, oo), dt/t,M), 
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uniformly in x £ R. Indeed, let e > 0. By using Minkowski's inequality we get 



l|W*, B (/ n )(t,a;)-W*,B(/)(t,a:)|| 



, dt 



1/2 



< / \\fn{y)-f(y)h 
<o [ \\fn(y)-f(y)\\i 

Jr. 

<c f \\fn(y) - f(y)\\ 
Jm e+\x-y\ 

< Ce- 1 ^ \\f n - f\\ LP{K 



1 



(t+\x-y\r 

dy < C\\f n - /||lp(K,B) 

n e N and 



2 \V 2 

dt I dy 

\ 1/2 

dt I dy 



dy 



(e+\y\y 



i/p' 



where p' is the conjugated exponent of p, that is, p' = p/(p — 1). 

Let S £ B*. Since j(H, B) is continuously contained in the space L(H,M) of linear bounded 
operators from H into B, for every x £ fl and h £ L 2 ((Q,oo),dt/t) with supp (h) C (0,oo), we 
have that 



(S, [W*, b (/)(x)P))b*,b = lim (S, [W*p(f nk )(;x)](h))*. fi 

k— >oo 

= lim / {S,W$^{f„ h )(t,x))m*,mh(t) 



k—^-oo 
poo 



dt 



(S,W^, B (f)(t,x)) B ^ B h(t) 



dt 



Hence, for every x £ fl, (S, W$,b(/)0, ^))b%b £ L 2 ((0,oo),dt/t) and 



(S, [W 0<m (f)(x)](h)} v «, 



dt 



(S,W^ B (f)(t,x)) M , fi h(t)j, h£H. 



We conclude that yVq>fi(f)( x ) = W$ i b(/)(-, £ € f2, as elements of 7(7?, B). Hence, (13) holds 
for every / £ Z^(R,B). 

Suppose now that / £ L P ((Q, oo),B). By defining the function f a as the odd extension of / 
to M, we have that 



1 



+ 00 



mM)(t,x)=^J_ <i>(^- t 1 )fo(y)dy 

=Lljs(f)(t, x) + Ll B (f)(t, x), x £ R and t e (0, oc 
We get by using Minkowski's inequality 



\\ L \> ,b(/)0> a:; )l|L 2 ((0,oo),dt/t,B) < 

ll/(v)l 



l/(»)ll: 



2 \V2 

eft I 



< C 



/o ^ + 2/ 

where Hq and -ffoo denote the Hardy operators defined by 

1 



dy<C[H Q\f\\ B )(x) + 11^(11 f\\ m )(x)], z€ (0,oo), 



and 



g{y)dy, x £ (0,oo), 
ff(2/) 



-dy, a; G (0, oo). 
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Since Hq and are bounded operators from L p (0,oo) into itself ( |19[ p. 244, (9.9.1) and 
(9.9.2)]), L\ s is a bounded operator from 77((0,oo),B) into L p ((0, oo), L 2 ((0, oo), dt/t, B)). By 
taking into account that 7(-ff, C) = H, we deduce that, for every x £ (0,oo), L\ »(/)(•, a;) G 
7(iJ,B) and B defines a bounded operator from L p ((0, oo), B) into L p ((0, oo), 7(i?,B)). 

By using now (13) we conclude that the operator L\ B is bounded from L p ((0, oo),B) into 
LP((0,oo), 7 (ff,B)). 

Inequality (fl2| will be proved once we establish that 



(14) \\[wln-Ll, M ](f)\ 
, we study t 

K x (t,x,y) = \T x {ip (t) ){y)-<& t (x~y), t, x, y £ (0, oo). 



l^((0 1 oo), 7 (H,B ) ) ^ C, H/IU"((0,oo),B) J / G L P ((0,00),1 

In order to do this, we study the function 



Firstly we write 



\T x {t/j( t ))(y) = H x ,i{t,x,y) + H x ,2(t,x,y), t,x,y £ (0,oo), 



where 



H\,i{t,x,y) 



(xy^t- 2 *- 1 r /2 . , 2X \ < ({x- y) 2 + 2xy(l - cos 



/^2 A -!/2r(A) 7 
We have that, for every x £ (0, oo) 

\\Hx,2(-,x,y)\\ H 



(sin 



t 2 



d9, t,x,y £ (0, oo). 



< C(xy) } 



-4A-3 



1 



(sin 8) 



2A-1 



X 



tt/2 
oo 



(x — y) 2 + 2xy(l — cos ( 



t 2 



,2 . 

de) dt 



-4A-3 



(I 



iz/2 



(sin 9) 



2A-1 



(a; — y) + 2xy(l — cos ( 



< C(xy) x { 



(x — y) 2 u 2 



I d6) du) , y € (0,x/2) U (2x,oo), 



-4A-3 



tt/2 



(sin( 



\2A-1 



(a; — y) + 2xy(l — cos ( 



xyu* 



- ) d6M cfcj , y £ (x/2,2x). 



Then, since <fi £ S(M.), it follows that 
(15) 



\\H x ,2{;X,y)\\ H <C-, 



(xyf 



\x-y 



2A+1 



' iX ^du + J du] <C 



and 



(16) \\ Hxa {-,x^ H <C—^ 2yj 
By proceeding in a similar way we can see that 



1/2 



-- iX - 3 du+ du) <-, 



0<y< x/2, 



y > 2x > 0, 



y£(x/2,2x). 



1 



, < y < x/2, 



(17) 



\\H Xtl (;X,y)\\ H <C 



-, y > 2x > 0, 
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and also 

-, 0<y<x/2, 
x 

, x e (o, oo). 

y 

Suppose now that x € (0, oo) and x/2 <y <2x. We split the difference H x ^(t,x,y) — $ t (x — y), 
t e (0,oo), as follows 



(18) 



\\*t(*-V)\\H< 



C 
x-y\ 



H\,i(t,x,y)-<f> t (x-y) = 



(xy)H 



\ + -2\-l i-tt/2 



v^r2A-i/2r(A) J 



+ 



{xy)H 



A+-2A-1 



v/5F2^-V2r(A) Jo 



/■t/2 r / 



[(sinA) 2 *" 1 -fl 2 *" 1 ],? 
(a; - y) 2 + 2xy(l - cos 0) 



t 2 



(x — j/) 2 + 2xy(l — cos ( 
/- 

(x — y) 2 + xy9 2 



de 



dB 



{xy)H 



X4.-2X-1 fir/2 



/^2 A -!/2r(A) Jo 



g 2A-l, 



(x - y) 2 + xy9 2 
t 2 



dd -^ t (x-y) 



H\,i,i{t,x,y) + H x ,i, 2 (t,x,y) + H XAi3 (t,x,y), t,x,y e (0,oo). 



By using the mean value theorem we get 




and 
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On the other hand, a suitable change of variables allows us to write 



H\x3(t,x,y) 



(xy)H 



\j.-2\-l 



r/2 



Q2A-1, 



/^2 A - 1 /2r(A) J Q 
1 

" *0F2*+V2r(A) Jn 
(xy)H- 2X - 1 



(x — y) 2 + xyO* 
t 2 



(ie 



/5F2>-V»r(A) hi 



Q 2A-1 



(a; — y) 2 + xyO 2 



t 2 



d6, 4 e (0,oo). 



Hence, we deduce that 



||#A,i, 3 (-,z,2/)IU < 




4A-3 



2A-1 



3 2A-1 



tt/2 



(a - y) 2 + xy9 2 
xyu 2 



1/2 



d0 du 



xyu 



(x — y) 2 + xyO 2 
A+3/4 



A+l/4 



xyu 



(x — y) 2 + xyO" 2 



d9 du 




By putting together the above estimates we obtain 
(19) 



C x 

H XA (;x,y)-<f> t (x-y)\\H < — , < - <y <2x. 

X I 



From (15l-(19) we deduce that 
(20) 



K x {-,x,y)\\ H < 



C 



max{i, y} 



, x,y £ (0,oo). 



By proceeding as in the case of L$ B , since j(H,C) = H, we infer from (20 1 that the operator 
W^b - L% v is bounded from L p ((0, 00), B) into L p ((0,oo),-f(H,M)). Thus Q is established. 

2.2. Our next objective is to show that there exists C > such that 

(21) ||/||iP((0,oo),B) < C||W^ )B (/)||z,p((o,(x)), 7 (H,B))) 

for every / <E £ p ((0, 00), B). It is enough to see pi) for every / g <Sa(0, 00) ®B. Indeed, suppose 



that (21) is true for every / € 5a(0,oo) 



Let / g L p ((0, oo),B). We choose a sequence 



(/n)n£N C 5 A (0,oo) (g)B such that /„ — y/,asn^ 00, in i p ((0, 00), B). Then, by ([21 1 

(22) ||/n||l,P((0,oo),B) < C||W , ^ )B (/n)||l, f .((o,oo) ) 7(H,B))) n£N. 



Since, as it was proved in Section 2.1 B is a bounded operator from L p ((0, 00), B) into 



L p ((0,oo),7(£T,B)), by letting n -> 00 in (j22j) we conclude that 

ll/lli*((0,oo),B) < C||W^, iB (/)|Up((0,oo),7(H,B))- 

The following result was established in [5] after Lemma 2.4]. 

Lemma 2.1. Le£ A > 0. If if) £ <Sa(0,oo) is noi identically zero, then there exists (f> £ S\(0,oo) 
such that 

/>oo 

-2A-1, 



(23) 



h x {^){y)h x my)y-^~'dy = l, 



where the last integral is absolutely convergent. 



In order to see (21 1 we need to show the next result. 
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Lemma 2.2. Let A > 0. Suppose that ip,(f) G S\(0,oo) satisfy (23), being the integral absolutely 
convergent. If /, g € S\(0, oo), i/ien, 



(24) 



oo /*oo /»oo 

f(x)g{x)dx = 
o Jo Jo 



(/#A^ w )(2/)(.g#A^ (t ))(y) d2 f. 



Proof. Let f,g <E S\(0,oc). Note firstly that the integral in the right hand side of (24 1 is 



absolutely convergent. Indeed, according to (12 1 we get 



OO POO 



JO 



|(/#A^(*))(l/)]](5#A^(t))(2/)|^^ < ll>V^ c (/)|U, {C0jOo)!jf3 ]|W^ c ( 5 )||^ (C03Oo);jff) 

< C \\ f \\ LP (0, oo)\\ 9\\ lp' (0,oo)- 



Plancherel equality and the interchange formula for Hankel transforms (H| lead to 



(/#^(t))fo)($#A0( t ))(v)<fo = / h\tf*^{t)){y)hx{9#\<t>{t)){y)dy 



h x (f)(y)h x (g)(y)(ty)- 2 *h x ^)(ty)hx(my)dy, te(0,oo). 



Hence, it follows that 



OO /"OO 



./0 



(/#A^( t) )(y)(9#A0(t))(y) 



dydt 



oo />oo 



M/)(i/)ftA(s)(v)(*v)- 2A MVO(ty)M0(ty) 



1^ 



x _ 2X dtdy 



o Jo 

OO />OG 

h x (f)(y)h x (g)(y) / MVOtoMMtyXtyr 2 *^ = / h x (f)(y)h x (g)(y)dy 

\i Jo 1 Jo 

OO 

f(x)g(x)dx. 

o 



a 



An immediate consequence of Lemma |2.2| is the following 



Lemma 2.3. Lei B 6e a Banach space and A > 0. Suppose that ip,4> £ S x (0, oo) satisfy (23 1, 
&emg i/ie integral absolutely convergent. If f G 5a(0, oo) ® B and g G 5a(0,oo) ® B*, i/ien, 



(g(x),/(x)) B *,Bdx 



OO /"OO 



((3#A0( t ))(x),(/#A^ (i ))(x))„ % 



dxdt 



Let / G 5 A (0,oo) ®B. Since 5 A (0,oo) ® B* is dense in L p '((0, oo),B*), according to [171 
Lemma 2.3] we have that 



|Lp((0,oo),B) = Sup 

geS A (0,oo)(giB* 

HflLp^tO.oo),!*)- 1 



(#(x),/(x)) B *,Bdx 



By Lemma 2.1 we choose ip,4> G 5a(0,oo) such that (23 1 holds, being the integral absolutely 
convergent. Since B* is UMD, it was proved in Section 2.1 that the operator W^ B » is bounded 



from L p ((0,oo),B*) into W ((0,oo),7(if,B*)). According to Lemma 2.3 and [2SJ Proposition 
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2.2] we get, for every g G S\(0, oo) 



oo poo 



JO 
oo />oo 



< 



< 



JO 

oo 



I((.9#a0( 4 ))(2:),(/#aV^))(x))b*, 



dxdt 



t 

dxdt 
' t 



Hence. 



I|W£b« (g)(; x)\U(Bfl') II W^, B (/)(■, a;)|| 7(H)B) da; 

^l|W^ B , (5)llLp'((0,oo), 7 (//,B*))ll^ ; ^B(/)IUp((0,oo),7(ff,B)) 
Lp' ((0,oo),B* ) 

l|Wi B (/)|| LP((0,oo),7(ff,B))- 



II/IIlp((0,oo),B) < C||W^ B (/)|| LP ((o,oo), 7 (H,B))- 



Thus the proof of Theorem is finished. 

3. Proof of Theorem 11.21 
3.1. In this section we prove that 

(25) \\G^(f)\\ LP{{0<oo)MHfi)) <C\\f\\ Lp((0,oo),B), / G L p ((0, oo),B), 

for some C > independent of /. 

We define the g-operator associated with the classical Poisson semigroup on K as follows 

G%j{f)(t, x) = lfid?V t (f)(x), x G R ajid t G (0, oo), 

for every / G L P (R,B). 

By [4. Proposition 1] there exists C > such that 

\\Gp^(f)\\LP{R,y(H,K)) < C||/||lp(K,B), / G 5(R) ® B. 

The arguments developed in the proof of Theorem |1.1| allow us to show that 

(26) \\G^ B (f)hp(RMHm < ll/IUw f G LP(R,M). 
In (4j Lemma 1] it was established that 

(m+l)/2 



i^fP t (z) = £ 



fe=0 



z G K and i G (0,oo), 



where m G N is such that to — 1 < j3 < to, and, for every k G N, < k < (to + l)/2, c% G C and 



(1 + ■y) m + 1 — 2fc -y m — Z 3- ! 



G?U, Z G 



l ((1 + «) 2 + z2)m-fc+l 

By proceeding as in the proof of j4] Lemma 1] we can obtain the analogous identity in the Bessel 
setting 

' y/{x ~ y) 2 + 2xy(l 



(m+l)/2 A 

(27) tPd?P?(x,y)= 72aTt(^) A / (8in ^ 

where to G N is such that to — 1 < (3 < to, and, for every fc G N, < k < (to + l)/2, 



dd, 



\m+l-2k v m- [3-1 



(l + vY 

77- 777- rrrdv, zg(0, oo), 

((l + v) 2 + z 2 ) A + m - fe+1 v ' 



and 



, A 2A(A + l)---(A + TO-fc) 
b k = — — c k- 



(to — fc)! 
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Let k£N,0<k<(m + l)/2. We define, for every / £ IJ> (R,M), 

P k (f)(t,x) = [ ${x-y)f(y)dy, t £ (0, oo) and x G 1 

JR 

Let / £ L p ((0, oo),B). If / D denotes the odd extension of / to R, we write 



<Pt(x-y)f(y)dy- / <{%{x + y)f(y)dy 



=F kil (f)(t,x) - F k>2 (f)(t,x), t,x G (0, oo) . 

We have that 

\\<pfa + y)\\ H < ["(l + vy 



\m-}-l— 2k ^m — (3— 1 



(28) 



1 



j.4(m-fe+l) 



1/2 



c 



Since 7(i/, C) — 77, we deduce that 

/■QO 

||Pm(/)('^)II7(M) < / ll/MII: 



df < C 



H 



o x + v 



dy 



<C[ifo(||/||B)(^) + -ffoo(||/||B)(^)], S€(0,CX>). 

Thus, according to [19, p. 244, (9.9.1) and (9.9.2)], P fcj2 is a bounded operator from L p ((0, oo), B) 
into LP((0,oo),7(£T,B)). 

We define, for every / G L p ((0, oo), B), 

/•OO 

G P p^(m,x)= tPdPp t (x + y)f(y)dy, t.ar e (0,oo). 
Jo 

Since Gpg = X)i=o c fcPfe,2j we conclude that Gp, is a bounded operator from L p ((0, oo),B) 
into LP((0,oo),7(i?,B)). Then, according to d26l), if for every / G L p ((0, oo),B), we define 



G^t(f)(t,x) 



t{x-y)f(y)dy, t,ie(0,oo), 



the operator G p 'j is also bounded from L p ((0, oo),B) into £ p ((0, oo), j(H, 



In order to prove ( |25| it is enough to show that the difference G P g — Gpj is bounded from 
L p ((0,oo),B) into LP((0,oo),j{H,M)). 



By proceeding as in (28 1 we get, for every x £ (0, oo), 



(29) 



\\tPd?F t (x-y)\\ H < 



C 



\x-y\ 



< c 



1 n X 

<y<-, 
x 2 



y > 2x. 



We split P*(x,y), t,x,y £ (0, oo), as follows 



2\{xy) x t 



(sine) 2 *- 1 
{(x - y) 2 + t 2 + 2xy(l - cos60) A+1 

2\{xy)H r (sintf) 2 ^ 1 

n ((x -y) 2 +t 2 + 2xy(l- cos 0))*+i 

^ 1 (x,y) + F t A ' 2 (x,y). 



d0 



From ( 27 1 we have that 



(m+l)/2 



||^5fP 4 A ' 2 (a:,y)||H<C(x y ) A / (shitf) 2 ^ 1 £ 

•/tt/2 fc=Q 



t 2A+l 



V(a;-y) 2 + 2a;j/(l 



cost 



d<9, 



if 
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and, for every k € N, < k < (m + l)/2, 



1 X k ( y/(x-y) 2 + 2xy(l-cos0) 



t 2\+ 



1? 



H 



< c 



< 



poo 

/ (l + «) 
JO 



m+l-2fc m-/3-l 



^4(A+l+m-fe)-4A-3 
((1 + V 2 )t 2 + (x + 2/ )2)2(A+m-fe+l) 



1/2 

eft I dv 



C 



oo ^m— 0— 1 / roo w 4(m-fe)+l 



< 



(a: + y) 2 ^ 1 y (1 + w) m \Jo (1 + u) i ^+ m ~ k + 1 ) 
C 



du 



1/2 



( x + y )2A+l 



, x, y € (0, oo ) and € (tt/2, 7r). 



Hence, 



(30) 



A £Y 

< . x, y e (0, oo ) 



(.x + y) 2A+1 .T + y' 



Similar manipulations lead to 



(31) 



ll^fP^y)^ < 



C 

|z-y| 



i 



, < y < x/2, 



y>2x>0. 

V 



We decompose t^df P^' 1 (x, y) as follows: 



(™+l)/2 f /-tt/2 / 



^(x-y) 2 + 2xy(l-cos0)^ 



fTT/2 



^A,fe ^ \/(a:-;/) 2 + 2xj / (l-cosg) j _ ^ A fe ^ y/Qr - y f + xyfl 2 j 



d6 



I 

Jo 

/■OO 

- / i 

Jtt/2 

(m+l)/2 

= I] 6fc[^' fc (*,a;,»)+^ ,fc (t,!C,») + ^'*(t,a:,l/) + ^' fc (*,ic,y)], t.a.y e (0,oo). 



9 2A-i^A,fe | y/(x - yf + z y6> 2 \ 



r + I° 



fc=0 



Let fc G N, < fc < (m + l)/2. By using the mean value theorem we obtain 



\\R^ k (;x,y)\\ H <C{xy) x 6 2X+1 f°(l+n 

Jo Jo 



m+l-2fe w m-/3-l 



(32) 



^4(A+l+m-fe)-4A-3 \ X / 2 

' ' / ((1 + v)H 2 + (x- y) 2 + ^2)2(A+ m -fe+i) dt ) dvd0 

rn/2 02X+1 Q 

^ {Xy)X J ((x-yr + xy0^ d ^^ °< 2 <y<^ 
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and 



R^ k {-,x,y)\\ H <C{xy) } 



tt/2 



o2A-l 



1 



(i + v y 



m+l-2k v m- fi-l 



i4(m-fe)+l 



((1 + v)H 2 + (x- y) 2 + 2xy(l - cos6»)) A + m -' £ + 1 
1 



((1 + v)H 2 + (x- y) 2 + xy 92)x+m-k+i 

rir/2 



2 -, 1/2 

dt | dvdO 



< C{xyY 



2A-1 



(33) 



< C{xy) 



A+l 



9 



^4(m-fc)+l 



7r/2 



(1 + V) 



m-\-\-2k v m—p—X 



xyd 4 



((1 + v)H 2 + (x- y) 2 + xy 2 Y+™-k+2 



q2A+3 



: \ 1/2 
(it I <fi;d0 



o ((x-y) 2 +xy9 2 )^ d0 -x' 0< 2 <y<2x - 



We have also that 

}A,fc 



\\Rr (;x,y)\\ H <C(xyY 



q2A-1 



tt/2 



(1+V) 



m + l-2k v m-l3-l 



jA{m-k) + l 

o ((1 + v)H 2 + (x- y) 2 + xy e 2 ) 2 (Mm-k+i) 



1/2 

dt I dvdO 



(34) 



Finally, we get that 



<C(xy) } 



q2A-l 



k/2 {{x - y) 2 + x y e 2 )^/ 2 -x 



C x 
d9< -, < - < y < 2x. 



9 2A-l^A,fc 



V(x- y) 2 + xyO 2 



q2A-1 



de 

(l + v) 



m+1 — 2kym— [3 — 1 



((1 + v) 2 + [(a: - y) 2 + xy^l/t 2 )^" 1 -^ 1 

/>00 

£2(A+rn-fc+l) / ^ + v yn+l-2k y rn- 0-1 



dvdd 



Q2A-1 



o ((1 + v) 2 t 2 + (x - y) 2 + xyO 2 )^™-^ 1 



dOdv 



£2(A+m-fc+l) p oo ^ ^ v yn+l-2k v rn-P-l 



{xy) X Jo ((1 + V)H 2 + (X - y)2)m-fc+l 

(m-fc)! +2A 



,2A-1 



(1 + w 2U+m-fe+l 



2A(A+l)---(A + m-fc) (xy) 



Then. 



(35) 



(m+l)/2 

^ b£Bi' k (t,x,y)=lPd?Vt(x-y), t,x,y £ (0,oo). 

fc=0 



By putting together ( 29 )-( 35 1 we conclude that Gpg — Gpi is bounded from L p ((0, oo),B) into 
LP((0,oo),7(i?,B)), and hence Gp'j^ is bounded from L p ((0, oo),B) into L p ((0, oo), 7(ff, B)). 

3.2. We are going to show that there exists C > such that, for every / £ L p ((0, oo),B), 



(36) 



11/11 <C||G^(/)|| 



Since is bounded from L p ((0, oo),B) into #>(((), oo), 7(#,B)) and 5 A (0,oo) <g> B is a dense 
subspace of L p ((0, oo),B), p6| holds for every / £ L p ((0,oo),B) whenever it is true for every 
/ £ S A (0,oo) <g)B. 
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By proceeding as in Section 2.2 the inequality in (36 1 can be proved as a consequence of a 
polarization identity involving the operator Gpj. To show this equality we need previously to 
establish the following. 

Lemma 3.1. Let X, f3 > 0. Then, for every f G iS>a(0,oo), 

h x (fd?P?f) (x) = j*P(tx)f , e-* t h x (f)(x), t,x£ (0,oo). 

Proof. Let / G 5 A (0,oo). We have that (see [15, §8.5 (19)]) 

h x (P t x f)(x) = e- xt h x (f)(x), t,x£ (0,00). 

We choose m G N such that m — 1 < < m. It is not hard to see that d^e~ xt = e lwl3 x^e^ xt , 
t, x G (0, oo). Then. 

flfft A (P t A /) (a:) = ^x^e- xt h x {f){x), t,x G (0,oo). 
According to |16l (4.6)] we can write, for every t,x,y G (0, oo) and G (0,7r), 



9? 



[(x - t/) 2 + 2xy(l - cos 0) + t 2 ] 

(m+l)/2 

2 



A+l 



2A 



m+l 



1 



[(a; - y) 2 + 2xy(l - cos 9) + t 2 



5 E (-i) m " fe -B m +i,fc* m+1 



-2k 



fe=0 



(A + l)(A + 2) (A + m-fc) 

[(x - y) 2 + 2xy(l - cos 9) + t 2] x+m - k+1 ' 



where 



2 m+1 - 2k (m+ 1)! , m+l 



Hence, d\ 



k\(m + 1 - 2fc)! ' - - " - 2 

t/ [(x — y) 2 + 2xy(l — cos 6*) + t 2 ] A+1 is continuous in (t, x, y, 9) G (0, oo) 3 x (0, 7r). 
Moreover, for each t,x,y G (0, oo) and G (0, 7r), 

C 



0J" 



Then. 



[(x - y) 2 + 2xy(l - cos 6) + t 2 ] x+1 

(xy) x 



< 



a t " l P t A +s (/)(x) <C \f(y)\ 



[{x-y) 2 +t 2 ] X+(m+1)/2 ' 

A+(m+l)/2 ^ *>»e(0,Oo), 



[(x - y) 2 + (t + s) 2 ] 

and d?P t x (f) G 1^(0, oo), f > 0. Since the function ^fzJ v (z) is bounded on (0,oo) when 
v > —1/2, the derivation under the integral sing is justified and we get 

h x (d p t P x f) (x) = dlh x {P x {f)) (x) = eWxPe-^hxifXx), t,x G (0, oo). 

□ 

Lemma 3.2. Lei B &e a E/MD Banach space and X, j3 > 0. If f £ 5a(0,oo) ® B and 5 G 
5 A (0,oo) ®B*, i/ien 



(37) 



oo poo 



Jo 



^dlP x {g){x),t^ t P x {f){x)) v> 



dtdx 



Proof. It is enough to show (37 1 when f,g £ 6>a(0,oo) and 



Let f,g £ S x (0,oo). 



Since C is a UMD Banach space, as it was proved in Section 3.1 the operator Gpf. is bounded 



from L p (0, 00) into L p ((0, 00), H), 1 < p < 00. Hence, the integral in the right hand side of (37 1 
is absolutely convergent. 
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As h\ is an isometry in L 2 (0,oo) ( |43[ p. 214 and Theorem 129]), Lemma 3.1 implies that 
^dfP t A (/) G L 2 (0,oo) and t p d^P?(g) £ L 2 (0,oo), for every t > 0. Plancherel equality for 
Hankel transforms and Lemma |3. II lead to 



x '^t^p^f^dip^x)^ = r r t ^pHf)(x)t^p t \ 9 )( X )^f- 



00 r °° d-rdt 

{tx)^e-^h x {f){x)h x {g){x)^f 

dtdx 



10 Jo 

poo 

/ h x (f)(x)h x (g)(x) I (tx) 2 > 3 e- 2xt 



s ^r(2|) r hx{f){x)hx{g){x)dx = ^^m r f{x)g{x)da 



a 



By using now Lemma |3.2| the arguments developed in Section 2.2 allow us to show that (36 1 
holds, for every / £ L p ((0, oo),B). 

Thus the proof of Theorem |1.2| is completed. 

4. Proof of Theorem 11.31 

The Riesz transform R x associated with the Bessel operator A x is the principal value integral 
operator defined, for every / £ L p (0, oo), by 

/>oo 

R\(f)(x)= hm / R x {x,y)f(y)dy, a.e. x £ (0, oo), 

where 

/•OO 

P\(x,y)= D x P x (x,y)dt, x, y £ (0, oo), x ^ y, 
Jo 

and D x = x x -^x~ x . Main properties of Riesz transform R x can be encountered in [S]. We 
denote by R* x the "adjoint" operator of R x defined, for every / £ L p (0, oo), by 

/•OO 

R \(f)( x ) = lim / R\(y,x)f(y)dy, a.e. x € (0,oo). 

Riesz transforms R x and R* x are bounded from L p (0, oo) into itself. Moreover, since B is a UMD 
Banach space, by defining R x and R x on L p (0,oo) (g) B in the natural way, R x and R\ can be 
extended to L p ((0,oo),B) as bounded operators on L p ((0,oo),B) into itself ([7J Theorem 2.1]). 
We define, for every / £ L p (0,oo), the function Q x (f) by 

/>oo 



fit (/)(») = / V)f(y)dy, t, x £ (0, oo), 

Jo 

where 

, 2X(xy) x r (x-ycos9)(sm6) 2X - 1 

7T J [x 2 + y z + t l - 2xycos0j A+L 
The following Cauchy-Riemann equations hold 

D x P x (f)=d t Q x (f), D* x Q x (f)=d t P x (f), t>0. 

These relations motivate that Q x {f) is called A^-conjugated to the Poisson integral P x (f). 
The adjoint A>-conjugated Q x (f) of / € L p (0, oo) is defined by 

[>00 

Q X (f)(x) = Q X (y,x)f(y)dy, i,a€(0,cx>). 
Jo 

We have that 

D* x P t x+1 (f) = d t Q x (f), D x Q x (f) = d t P x+1 (f), OO. 
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By using Hankel transform (see [36, (16.5)]) we can see that, for every / € S\ (0, oo), 

P t \Rlf) = ®$(f), t>0. 

Then, for every / g S\(0, oo), 

(38) d t P t x (Rlf)=D* x P t x+1 (f), t>0. 



Equality ([38| also holds for every / E S x (0, oo) (g) B. Then, 

(39) 0f,b(/) = <#i(J$/), /G5 A (0,oo)®B. 

Since i? A can be extended to L p ((0, oo), B) as a bounded operator from L p ((0, oo), B) into 



itself. Theorem 



1.2 



implies that the operator G PK can be extended from <Sa(0,oo) <8> B as a 
bounded operator from L p ((0, oo),B) into L p ((0, oo), 7(iJ, B)). We denote this extension by 
G x 

We define 

Gi B {t,x,y) = tD* x P x+1 (x,y), t,x,y 6 (0, oo). 



We have that 
G P n(t,x,y) = 



2(A+l) t2 , +la; _ A 



2A+1 



5a; X 



2(A + 1)(2A + 1) ^ V+1 f 

7T 



(sin i 



\2A+1 



o [(x - y) 2 + i 2 + 2xy(l- cos (9)] A+2 
(sin#) 2A+1 



o [(x - y) 2 + t 2 + 2xy(l - cos 8)} X+2 
4(A + l)(A + 2) A+1 T [(x-^+.d-cos^Ksin^ ^ y6 ( 0)Oo) . 

7T Jo [(x-y) 2 +t 2 + 2xy(l-cos0)] A+3 



Then, 



|Sp, B (i,x,y)| <C^{xV +1 ^ 



■7T/2 



(sin i 



\2A+1 



A+1 



7T/2 /-7T 



tt/2 J [(x - y) 2 + t 2 + 2xy(l - cos 0)] A+5/4 
\ (sin^) 2A+1 * 



/o A/2/ [(x-y) 2 + f 2 + 2xy(l-cos6»)] A+7/4 
=Gpp 1 (t, x, j/) + Gp^ 2 (t, x, y) + ^b' 1 ^, x, y) + £ A ; 2 ' 2 (t, x, y), t,x,y e (0, oo). 

Let e > 0. Since, for every x, y G (0, oo) and 6* € (0, 7r/2), 



1/2 



and 



we obtain 



[(x - y) 2 +t 2 + 2xy(l - cos 6»)] 2A+5/2 / 
dt 



< 



C 



1/2 



< 



]x - y| + e + y /xy8) 2X +' 1 



C 



[(x - y) 2 + 1 2 + 2xy(l - cos #)] 2A + 7 / 2 / (\x-y\+s + ^xy9) 2X + 3 



L 2 ((E,oo),dt/t) 
tt/2 



02X+1 



< C \x x y 



< C 



A,, A+1 



L 2 ((e,oo), dt/t) 



Jo (\x-y\+E + ^xy6) 2X + 2 
xy 



d8+(xy) x+1 



r 7r/2 



Q2A+1 



'o {\x - y\ + £ + x/xyO) 



\2X+3 



de 



|x-y|+e) 2 (|x-y|+e) 3 



, l/(x + e), 0<y<x/2, 
J <C'l y/e 2 +y 2 /e 3 , x/2<y<2x, 
l/(y + e), y>2x>0. 
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Analogously, 



L 2 ((e,ao),dt/t) 



(■,x,y) 



< C |^V +1 
C 

< 



(sin 6>) 



2A+1 



x + y + e 



w/2 (x + y + e) 2X + 2 
x,y G (0,oo). 



L 2 ((e,oo),dt/t) 

dd + (xy) x+1 



(sin 9) 



2A+1 



tt/2 (x + y + e) 2X + 3 



dO 



Hence, for every x G (0,oo), \\G^ B (-, x, y) || i2((e>oo)jdt/t) S L p '(0,oo). 
By proceeding now as in Section |2.1| we conclude that 



Qp*<J) = Qp*{f), / 6^(0, oo), 

and the proof of Theorem |1.3| is completed. 

5. Proof of Theorem 11.41 



5.1. Proof of (i) (ii) and (i) =>■ (m). In Theorems 1.2 and 1.3 it was proved that if B is a 
UMD Banach space, then (RjJ, |7]) and Q are satisfied, for every 1 < p < oo. 

5.2. Proof of (ii) (i). Let 1 < p < oo. Suppose that ^ and hold. Let / € S\(0, oo) ® B. 
Since R\ is bounded from 17(0, oo) into itself ([2, Theorem 4.2]), R*J G 27(0, oo)®B. According 
to ( 39 ) we obtain 

I|-Ra/IUp((0,oo),B) <C||G ! p i j(-R^/)|| i »((;o, o), T (ff,B)) = C\\GpM(f)\\Lp((0,oo),~/(H,M)) 
<C||/IIlp((0,oo),B). 

Since 5a (0, oo) ®B is dense in L p ((0, oo), B), R* x can be extended to L p ((0, oo),B) as a bounded 
operator from L p ((0, oo),B) into itself. By using [7, Theorem 2.1] we deduce that B is UMD. 

5.3. Proof of (Hi) =>■ (i). Assume now that ^ holds. In order to show that B is UMD we 
prove previously a characterization of UMD Banach spaces involving i p -boundedness properties 
of the imaginary powers A\ w , u6l \ {0}, of the Bessel operator A^. 

Let u6l \ {0}. The iw-power A^" of A> is the Hankel multiplier defined by 

(40) Aff = h x (y 2iu h x (f)), /e£ 2 (0,oo). 

Since h\ is an isometry in L 2 (0,oo), the operator A 1 ^ is bounded from L 2 (0, oo) into itself. 
Moreover 



y^ = y 2 



1(1— IUJ) 



and hence A' A " is a Hankel multiplier of Laplace transform type. This type of Hankel multipliers 
were studied in [3] and jSj. Proceeding as in j3J Theorem 1.2], for every / g C£°(0, oo), we have 
that 



(41) Arf(x) = lim a(e)f(x) 

e— >0+ \ 



X 



K *{x,y)f(y)dy j , a.e. x G (0,oo), 



where 



Kt(x,y) 



o r (! - 



0, \x-y\>e 



d t W t x (x,y)dt, x,y G (0,oo), x ^ y, 



and Wf(x, y) is the Bessel heat kernel 



w: 
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Here a denotes a bounded function on (0, oo) and l v is the modified Bessel function of the first 
kind and order v. By [9l Theorem 1.2], A 1 ^ f can be extended to L p (0, oo) as a bounded operator 
from L p (0, oo) into itself. Moreover, as in |3] Theorem 1.4], we can see that this extension, that 
we will continue denoting by A^, is given by the limit in (41 1 for every / € L p (0,oo). The 
operator A^ w , is defined on L p (0, oo) (g) B in the usual way. 

The following result is a Bessel version of |18[ Theorem p. 402]. 

Proposition 5.1. Let X be a Banach space and A > 0. Then, X is UMD if and only if, for 
some (equivalently, for every) 1 < q < oo, the operator A^", w £ R \ {0}, can be extended from 
L 9 (0,oo) <S> X to i 9 ((0, oo), X) as a bounded operator from L 9 ((0,oo), X) into itself. 

Proof. According to [151 Theorem p. 402], X is UMD if, and only if, for every {0} and 

— J^2 J of the operator — can 
be extended from L q (R) <E) X to L q (R,X) as a bounded operator from L q (R,X) into itself. 
We recall that (see (HI Appendix] for a proof) for every / 6 L 9 (R), 1 < q < oo, and uj € 

d 2 



where 

/•oo £— ioj 

K u (x, y) = - ^ ^d t W t (x - y)dt, x, y e R, x ^ y, 

Jo r (! - iu) 

and W t (z) denotes the classical heat kernel ^ . Here a represents the same function that appears 

/ 2 \ iuj 

in (|4lJ. The operator (-^2 ) , u> G K\{0}, is defined on L q (R)®X, 1 < q < 00, in the natural 



., ( f(x) = lim a{e)f{x) - / K u} {x,y)f{y)dy , a.e. x e 

ax 2 J e^o+ y J \ X -y\>s J 



way. 

Let uj € K\ {0}. We are going to obtain some estimates for the kernels K*(x, y) and K u (x, y), 
x, y € (0, 00), that will allow us to get our characterization of the UMD spaces by using imaginary 
powers of Bessel operators. 

Note firstly that 

/•oo /.oo ~c(x+y) 2 /t (~< 

(42) \K u (x,-y)\<C / \d t W t (x + y)\dt <C / — dt < — — , x,y e (0,oc). 

Jo Jo 1 1 x + y 

In a similar way we obtain, for every x € (0, 00), 

(43) \Ku(x,y)\ < C \ 

{ 1/y, y > 2x. 

According to |31l pp. 108 and 123] if v > —1, we have that 

(44) /,,(,)„_£__, as ^ +, 



and 



(45) V^W = -^=lE ( "?rS ,/,T ' ] + i 1 

where [v, 0] = 1 and 



(4^ 2 - 1)(4^ 2 - 3 2 ) (4^ 2 - (2r - l) 2 ) 

, r = l,2 



1 ' J 2 2 T(r + 1) 

Since (see EH p. 110]), 

(46) ^-{z-»I v {z))=z- v I l/+1 {z), ze (0,oo), v> -1, 
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it follows that, for every t,x,y <E (0, oo) 



1/2 



d t [\V t \x,y)~W t (x-y)] = d t 

= a ,w, ( ,-„,{^(g)"^(f) 

t {x-y){{u + l/2) 



2ttW, 



-xy/2t _ 

xy 
2*2 



(f) 



/ xy\ v+1 / 2 xy / xy\~ v fxy\ xy (xy\ 1 / 2 ( xy\ "i 
V 2t ) W \ 2t) h+1 \2t) ~ 2^ V 2t J v \2t) J 



-ai//2t 



/2^W t (x-y)^e-*y/ 2t 



2/ 



2f 



1/2 



r /^2A 



2f 



1/2 



xy 
2t 



being i/ = A — 1/2. 

From (144 1), we deduce 



-c(2-y) 2 /t 



(47) |3 t [^ t A (x,y)-W t (x-y)]| <C- / 5 , 

and by using ([45]) , 



(48) |d t [W t A (x,y)-W t (x-y)]| < C- 



-c(x-yf/t 



t,x,y € (0, oo) and < 2i, 



t,x,y € (0, oo) and xy > 2*. 



Combining (47) and (48 1 we obtain 



|iUx,y)-/^(x,y)| <C / |5 t [^ A (x,y)-W t (x-y)]|di 

r^/ 2 e -c(x-y) 2 /t 



<C 



fl/2 X y 



-dt- 



xy/2 



t 3/2 



-dt 



(49) 



C C 

<- rrr^r < — , x/2 < y < 2x, X<E(0,Oo). 



(xy) 1 / 2 x 



Moreover, (47 1 and (48 1 imply that, for each x € (0, oo) 

f-oo e _ c ( x _j,) 2 /t 



(50) 



KZ(x,y) <C 



l/x, < y < x/2, 
1/y, y > 2x. 



Suppose that X is UMD and 1 < q < oo. Let / G L 9 (0, oo) ® X. We define the function / by 

/» = 



0, x < 0, 
/(x), x > 0. 



Thus, / e L q (R) ® X. We have that 



dx 2 



/(x) = lim f(x)a(e) 

e->0+ \ 



Ku(x,y)f(y)dy , a.e. x e (0, oo), 

0,\x-y\>e ) 



and 



Ar/(x) = lim /(x)a(e) 

e^0+ \ 



K*(x,y)f(y)dy , a.e. x £ (0,oo). 

0,|x-j/|>e / 
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Then, (43 1, (49 1, (50 1 lead to 



dx 2 



fix) ~ Ar/(x) 



< lim 

X e->0+ 



\K u (x,y)-K*(x,y)\\\f(y)\\ x dy 



' 0,|x— y\ >£ 

<C[H (\\f\\ x )(x) + 11^(11 f\\ x )(x)], a.e. xg(0,oo). 
Hence, according to [HO p. 244, (9.9.1) and (9.9.2)], there exists C > such that 



dx 2 



f ~ A?/ 



Li((0,oo),X) 

Moreover, by [18, Theorem p. 402], we also have 
j2 \ ^ 



< C||/|| L , (( o,oo),x), / GL 9 (0,oo)®X 



We conclude that 



d- 
dx 2 



Li((0,ao),X) 



<C||/IU«((0,oo),X), /gL 9 (0,oo)®X. 



< C||/|| w((0tOo)tX) , /gL«(0,oo)®X. 



L9((0,oo),X) 

Suppose now that A 1 ^ can be extended from L 9 (0,oo) ® X to L 9 ((0, oo),X) as a bounded 
operator from L q ((Q,oo),X) into itself. According to [18, Theorem p. 402] in order to see that 
X is UMD it is sufficient to see that, for a certain C > 0. 



dx 2 



f 



Li(R,X) 



<C\\f\\ LW) , /ei'(K)0X 



Let / G ® X. By defining 

f+(z) = f(x), and = /(-x), xg(0,oo), 

we have that 

d 2 X *« 



dx 2 



/(a;) = lim /+(a:)a(e) 



lim + I /+(a;)a(e) - 



0,|x-v|>e 

K ul (x,y)f+{y)dy 



K u 1 {x,y)f+{y)dy - / K UJ {x,y)f(y)dy 

J-oo ) 

K ul (x,-y)f-(y)dy a.e. x G (0, oo), 



0,|a;-y|>e 



and 



2 \ iLJ 



c?x 2 



fix) = lim + I /(x)a(e) 



— oo,\x—y\>£ 



K ^(x,y)f{y)dy - / K u (x,y)f(y)dy 



= lim /_(-x)a(e) - / K u (x,-y)f(-y)dy - / K LJ (x,y)f{y)dy) 

£ ^ 0+ \ J0,\x+ V \>e JO J 



lim + I /_(— x)a(e) 



We consider the operators 



K ul {x,-y)f_{y)dy 



0,\x+y\>e 



K ul {x,y)f+(y)dy, a.e. x G (-oo, 



Tu,i(g)(x) = lim gi(a:)a(e) 

e-i-0+ \ 



K u{x,y)g{y)dy \ , x £ (0, oo) 

0,|x— y|>e / 



and 



TuAg)( x ) = I K u 1 {x,-y)g{y)dy, x G (0,oo), 
for every <? G L 9 (0, oo) ® X. 
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We can write 



dx 2 



f 



L»(R,X) 



(51) 



T u ,i(f+) 



L«((0,oo),X) 
'/ 



M((0,oo),X) 

According to ( |42| we get, for every g £ L 9 (0, oo) ® -X", 

lls(j/)llx 



r W)2 (/-) 



Z,'((0,oo),X) 
9 

£9((0,oo),X) 



\\T u ,MV)\\x < C 



x + y 



dy<C [H (\\g\\ x )(x) + H^QlgWxKx)] , x G (0, cx>). 



Also, by combining (43 1, ( |49| and (50 1 we obtain, for each g g £ 9 (0, oo) ® X, 

IIT^x^Gt) - Ar(.g)(x)||x < C [H (\\g\\ x )(x) + ffoo(IMk)(*)] , a: e (0, oo). 
Then, by PU p. 244, (9.9.1) and (9.9.2)] it follows that , for every g € L*(0, oo) <E> A, 

(52) ||IL,2(5)||x,9((o,oo),x) + \\T u ,i(g) ~ A l A "(g)|| i <j(( 0i oo) : x) < C r ||0lU«((o,oc),x)- 

Since A 1 " can be extended from L q (0, oo) (8 A to L 9 ((0,oo), A) as a bounded operator from 
L 9 ((0, oo), A) into itself, ([5lJ and ([52]) implies that 



dx 2 



/ 



Li(R.X) 



< C (ll/+llisi((0,oo),X) + ll/-lli«((0,oo),X)) - C ll/llii(R,X) 



for every / £ L q (M.) ® A. 



□ 



Let /? > and / e 5a(0, oo). According to Theorem [L 2 1 there exists a set C (0, oo), such 
that |(0, oo) \ Q| = and for every x € CI, the functions Gp^(A^/)(-, x) and Gp^ +1 (f)(-,x) are 
in H. Let .t € il. We denote by Ai and A2 the linear bounded operators from H into C defined 

by 



A 1 (h)= I G%£(Aj*/)(*,*)ft(*)T> ftGiJ ' 



dt 



and 



A 2 (/i) = 
We also define, for every h £ H, 

1 



G 



A./3+1 



(f)(t,x)h(t)j, h£ll. 



Tu,p(h)(t) = - p J (t- sf-'h{t- s)^(s)ds, t€(0,oo), 

where u (s) = s~ 2iLJ /r(l — 2ia>), s 6 (0,oo). Thus, T W;| g is a linear bounded operator from H 
into itself. Indeed, Jensen's inequality leads to 

( r oo / r t N 2 \ 1/2 

HW0lk< 



<C 



i 2 /3 + 

OO ^ 

t 



hrU |&(* -«)(*-«)"" Va,(*)|<fe) dt 



\h{u)\ 



i^du 



1/2 



dt 



< C 



1 



t \ 1/2 

\h{u)\ 2 u^dudt 



<C\\h\\ H , heH. 
We now show that 
(53) 



Ax(h) = -A 2 (T UtP h), heH. 



Indeed, let h € H . Since T u »h € H, we can write 



^ 2 (TL» = / G^ c +1 (f)(t,x)(T uJ3 h)(t)^ = I t^d>r L P?(f)(x)(T^h){t) 



dt 



f /3+lcj/3+l pA, 



dt 
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By Lemma 3.1 we have that 

(54) 9f +1 P t A (/)(x) = e^+^hx {y^e-y'hxUm) (x), t,x G (O.oo). 

Interchanging the order of integration twice we get 

A»(T UtP h) = e ^ +1 ) / t?h x {y p+1 e-^h x {f){y)) (x)(T^h)(t)dt 



f'W+Vhx (h x {f)(y)yP+ l e-^{T u ,ph)(t)dt\ (x) 
iW+r> hx (h x (f)(y)y 0+1 /"V* f (t- af- l h{t- s)<f> u (s)dsdt) (x) 



lAf3+1) / hx [y fs+2 ^hx(f)(y)e-y u uf s ] (x)h(u) 



da 



hx [u^e^y^e-^hxifKy)] (x)fc(u) 



du 



du 



u^d^ [hx{y 2w hx{f){y))} (x)h(u 
o u 

Ai(h), heH, 



and (53 1 is established. Note that the interchanges in the order of integration are justified 
because the function \fzJx-x/2{ z ) is bounded on (0, oo) and h\(f) G S\(0, oo). 



From (53 1 we deduce that, for every / G 5a (0, oo) ® B, 

G x / M (Aff)(-,x) = -G x ^ +1 (f)(-,x)oT^, a.e. x£ (0,oo), 

as elements of L(H,M), the space of linear bounded operators from H into B. 
Let / G 5 A (0, oo) ® B. Since Aff £ LP(0, oo) ® B, (|8| implies that 

(55) G^(An)(',i)-Gj,;2 +1 (/)(^)oT^, a.e. xe (0,oo), 

as elements of Y(iT, B). Moreover, according to the ideal property for 7-radonifying operators 
|45l Theorem 6.2], we get 



G X A +l {f){-,x)oT^ 



7 (HJ 



< \\T L 



u,0\\L(H,H) 



G X / B +1 (f)(;x) 



7(H,B) 



a.e. x G (0, 00). 



Then, (g| and (|55) lead to 

Ar(/) 



< C 



Lp((0,oo),B) 



< c 



G X P i +1 (f) 



LP((0,oo),7(/f,] 



= C 



Gp;5 +1 (/)°^ 



LP((0,oo),7(jy,l 



< C||/IIlp((0,oo),B)- 



Z/P((0,oo),7(H,l 

Hence, A^" can be extended from L p (0,oo) ® B to i p ((0,oo),B) as a bounded operator from 
L p ((0,oo),B) into itself. By Proposition |5.1| we conclude that B is UMD, and the proof of 
Theorem 1 1.4| is complete. 



6. Proof of Theorem 11.51 
The Bessel operator A a is positive in L 2 (0, 00). Then, the square root \/~Ax of A a is defined 



by 



Axf = hx(yh x (f)), feD(VAx) 
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where, since h\ is an isometry in L 2 (0, oo), the domain £)(VAa) °f is the following set 
D(VA X ) = {/ G L 2 (0,oo) : yh x (f) G L 2 (0,oo)}. 



The Poisson semigroup {-P t A }t>o is the one generated by the operator —y/A\. We define 
M(y) = m(y 2 ), y G (0, oo). It is clear that the -s/AA-nrultiplier associated with M coincides 
with the A^-multiplier defined by m. Since the function M satisfies the conditions specified 
in |34l Theorem 1], from the proof of [Ml Theorem 1] we deduce that, for every n G N, and 
/G5 A (0,oo), 

(56) t n+1 d? +1 P? (m(VAa)/) (x) = i- J^M n (t lU )td t P t x /2 (A™ /2 /) (ar)du, t,x € (0,oo), 



where 



.M„(i,it) 



y- tu - i M n (t,y)dy, »el and i G (0, oo), 



and 



M n (f, y) = (tyye-WMiy), t, y G (0, oo). 
We also have that, for every n G N and / G 5a (0, oo) ® B, 

t n+i d n+i p x (m(VA a )/) (s) = ^ £M n (t,u)td t P t ) 2 (A™ /2 /) (a)du, t,x € (0,oo). 

!, / G 5 A (0,oo) ®B. 



Moreover, according to Theorem 1], M(yA\)f G L p (0, oo) 
Let n G N. We define, for every u G E, the operator 



Since 



L„, u (h)(t) = M n (t,u)h{t), ie(0,oo). 



sup |.M n (i,u)| < C||m|| iO o( 0i0o ), 

«GR 
*G(0,oo) 



the family of operators {L n is bounded in L(iJ. H). 

Let / G 5a(0,oo) (gi B. Since /ia is an isometry in L 2 (0,oo), (40) and (54l allow us to write 



(A™ 72 /) (as) = ~h x (tye- ty/2 y m h x (f)(y)) (x), t,x G (0,oo) and u G 
Then, Minkowski's inequality leads to 



td t p t ) 2 



td t P t ) 2 [^ /2 f)(x)f M j) ' <C I \\h x (f)(y)\\M 



1/2 



tye 



-ty/2 



2 dt 



1/2 



< C 



\\h\(f)(y)\\ndy < oo, x G (0, oo) and it G 



because h\(f) G iSa(0, oo) cg)B and the function y/zJ v (z) is bounded on (0, oo) when ^ > —1/2. 
We conclude that 

i<9tP t A /2 (A A u/2 /) (a) G 7(i?,B), u€l and a; G (0, oo). 
According to |341 p. 642], we get 

|M»(i,u)| td t P t ) 2 (A™ /2 /) (x) du G LP ((0,oo),L 2 ((0, oo), dt/t)) , 

\ /IB 



and we infer that 



\M n (t,u)\\\td t P t ) 2 (A™ /2 /) (*) 



du 



dt 



< oo, a.e. x G (0, oo). 
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If h £ H we have that 



M n (t,u)td t P t ) 2 (A™ /2 /) (x)h(t) 



dudt 



M 



n (t,u)td t P t ) 2 (A^ 2 /) (x)h(t)^, a.e. x £ (0,oo) 



Hence, if {/ij}^ =1 is an orthonormal system in H we can write 



dudt 



< 



< 



J2 H / -M n (i, U )^ t P t A /2 (A™ /2 /) 
/ ( E |E^ r M n (t,u)td t P t ) 2 [A^ /2 f) (x)hj(t) 



1/2 



didu 



1/2 



1/2 



di 2 
T 



d» 



M n (t,u)td t P t ) 2 (A™ /2 /) (x) 



7(H,B) 



du, a.e. a; £ (0, 00). 



Here {7^}^! is a sequence of independent Gaussian variables. 

We conclude that, for a.e. x £ (0, 00), 
(57) 



Mr 



j (x)du 









M n (t,u)td t P t ) 2 (A™ 72 /) (x) 



du. 



For every u £ K we have that 

M*(t, «)^ t P t A /2 (A™ 72 /) (.t) = td t P t ) 2 (A™ /2 /) (3:) o L„, u , a.e. x £ (0, cx>), 
in the sense of equality in L(H, B). According to |45l Theorem 6.2] we deduce 



M n (t,u)td t P t ) 2 (a™/ 2 /)^) 



7(ff,B) 



< Hi. 



,u||i(fl",iT) 



ta t p t ) 2 (a;" /2 /)(^) 



7(H,B) 



(58) < Csup|.M„(i,u)| td t P t ) 2 ( A™ /2 /) (x) , a.e. x € (0, 00) 

t>0 v ' 7(-H",B) 



Putting together (56), (57 1, (58 1 and by taking into account Theorem 1.2 and Proposition 5.1 
we obtain 



||m(A A )/|| L p ((0 ,oc),B) =||M(v / AT)/|U n(0> , 



<C 



< c 



G x p Z +1 (M(VA x )f) 



LP((0,oo),7(i?,B)) 



M n (t,u)td t P t ) 2 (A™ /2 /) (x)du 
<C7 / sup|X„(i, u )| G^fA™ 72 /) 
<C I snp\M n {t,u)\ 
<C[ [ sup|A4„(i,u) 



A w 2/ 



LP((0,oo),7(if,B)) 

du 

Lp((0,oo),7(J?,B)) 

du 



i> ((0,oo),: 



<M II/IIlp((0 ,00),- 



i>((0,oo),B)->-i>((0,tx>) 

Hence, m(A>) can be extended from 5^(0, 00) ®B to L p ((0, oo),B) as a bounded operator from 
L p ((0,oo),B) into itself. 
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7. Proof of Theorem 11.61 
In order to apply Theorem |1.5| it is necessary to know nice estimations for the norm 

II^a ; |Up((0,oo),B)-^Lp((0,oo),B), W £ R \ {0}. 

Proposition 7.1. Let X be a UMD Banach space, A > and 1 < p < oo. Then, there exists 
C > such that 

II^A"lliJ , ((o,oo) : A')-fLJ'((o,oo) : x) < CV'"', CJ e R. 
Moreover, if A > 1 /or every w £ 1\ {0}, A^ can oe extended to i 1 ((0, oo),X) as a bounded 
operator from L 1 ((0,cxd), X) mfo L 1,oo ((0, oo), A), and 

I|A^||li((o,oo),a)^l1'°°((o,oo),x) < Ce l|lj| , 
where C > does no£ depend on uj. 



Proof. Let w € R \ {0}. According to Proposition 5.1 the operator A^ can be extended to 
L p ((0, oo), X) as a bounded operator from I/ p ((0, oo), A) into itself. Moreover, by (55 1, for every 
/ £ S\ (0, oo) eg) X, we have that 

G x ^ x (^f){;x) = -G X p 2 x {f){;x)oT L01 a.e. xe(0,oo), 



as elements of ~f(H, X), where 



t 



h{t~s)— —^ds, heH. 

1 (1 — ZIUJ) 



As in the proof of Theorem |1.4| we can see that 



\Tui\\l{HM) < 



|r(l - 2iu)\ 



and 



|Ar/L P __ v , <c 



ILp((0,oo),X) 



<Ce 7r| " 1 



LP((0,oo),~f(H,X)) 



LP((0,oo),7(ff,A-)) 



< Ce'l-I ||/|| iP((0jOO ),x) . / e 5 A (0, oo) ® A, 



that is, 
(59) 



I|A^||lp((o,oo),a)^lp((o,oo),a) < Ce 7r| " 1 , 



where C > does not depend on uj. 

We are going to show that A^" is a A- valued Calderon-Zygmund operator. According to (47 1 
and ( 48 ) we have that 



d t Whx,y)\<C e —^j- 2 , t,a:,ye(0,oo). 



Then, 

(60) \K^x,y)\<C 



U-iw| e -c(x-y) 2 /t gfM/2 

r^fi ~Ti 7U~2 dt <C- x,y £ (0,0c), x ^ y. 

\T{l-iuj)\ t 3 / 2 \x-y\ 



From ( |60| we deduce that, for every / 6 S\(0, oo) (8 A, 

l*«0»M/)l \f(y)\dy< oo, a; ^ supp(/). 



Hence, for each / £ S\(0, oo) ® A, (41 1 implies that 

/•oo 

Aff(x)= K x (x,y)f(y)dy, a.e. x £ supp(/). 
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We can write 

d x d t w t \x, y ) =d x d t 



1/2 



-xy/2t 



-d x d t [W t (x - y)]yfo (|f) 1 2 h. 1/2 (|f) e 
+ d x [W t (x - y)]V2^d t 



+ d t [W t (x-y)]V2^d., 
+ W t {x-y)V2^d x d t 



sxy 
\2t 
/xy 
\2t 



h- 



A-l/2 



A-l/2 



xy/2t 



(IK" 
(f)" 2 ^(f) e - 



j//2i 
y/2t 



= ^2 £ j( t > x >y)> t,x,y e (0,oo). 



Applying (45 1 and (46) we obtain 
A) a/'""" 



(I) MI)-" 2 ' 



L = xy/2 



ay 
~2t 2 



{v + l/2)z 1/ - 1 / 2 z- ,y / l/ (z)e~ 2 + z u+1 / 2 z- v I v+1 {z)e- z - z v + 1 ' 2 z' 11 I v {z)e 



1 + ( - 

z 



2z 



I z = xy/2t 



U = ;cy/2t 



i 2 



c) a^* 



j , t,x,ye (0,oo); 

(S)" 2 m)^ /2 ' 



= M 



xi//2t 



" 2t 2 dz 



t 

xy 

xy d 
'2~t?~dz 
xy 2 d 2 
~ 'Wdz 2 



t,x,y€ (0,oo); 



z» +1 l 2 z-»I v {z) t 



I z = xy/2t 

' z v+x l 2 z- v I v (z)e: 



. z "+i/V7 v («)e- 

2 s 



4i 3 



I z = xy/2t 

2 -v 2 - 1/4 



\Jzl v {z)e H V-2ii/+i(2j( 



+ y/zl v+ 2{z)t 



■ 2y^/ I /+i(^)e 2 + y/zl„(z)e 
xy 2 \v 2 — 1/4 



2z/ + l 



/zl„(z)e 



I z=xy/2t 



22/ + 1 



1 - 



4V2^rf 3 



l + OI - 

z 



l\] , 2^ + 2 f 



22 



2 2 



22; 4z 2 V z 3 



22 



t 3 







4z 2 



t,x,y€ (0,oo). 



1 



i,=. 



:y/2t 
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Here v = A — 1/2. Then, we deduce 

e -c(x-y) 2 /t 



>\£ x {t,x,y)\<C- 



>\£ 2 (t,x,y)\<C 



>\£ 3 (t,x,y)\<C 



f 2 

e -c(x-y) 2 /t xy £2 

t I 2 ( xy )2 

e -c(x-y) 2 /* y t 2 



t 3 / 2 t {xy) 



t,x,y £ (0,oo), 

t,x,y £ (0,oo), 
t,x,y £ (0,oo), 



and 

e -c(x-y) 2 /t X y2 ^3 

• \£ 4 (t,x,y)\ < C — — i,x,y € (0,oo). 



We now estimate 
Firstly, we have that 

rxy/2 



t l/2 t 3 (^3' 



/ \£j(t,x,y)\dt, j = l. 
Jo 



2,3,4. 



|£i(t,a;,y)|dt<C 



00 e -c(:r- a )V* (7 

dt<i rrr , a;, y € (0, 00), a; ^ y, 







f 2 



and also 



\£ 2 (t,x,y)\dt<C 



^y/2 p-c^-y) 2 /* 



-dt < C 



00 e -c(x-y) 2 /t (J 

dt < 7 



f 2 



x,y G (0,oo), a; 7^ y. 



To study £3 and £4 we distingue two cases 

rxy/2 

(\£ 3 (t,x,y)\ + \£i(t,x,y)\)dt<C 

r xy/2 e - c (x-y) 2 /t J 



x 2 y 



< 



< 



C 
C 

c 

Cy 



ft x 2 y 

e -c(x-y) 2 /t 1 

ft x 2 y 



e -c(x~y) 2 /t dt 

(f) 



, 3 / 2 jy 
dt < C Jf 



*y/2 p-c^-y) 2 /* 



f 2 



00 e - c (x-y) 2 /t Q 

dt < 



t 2 \x — y\ 2 ' 

00 e -c(x-y) 2 /t ^ ^ y 



xy/2 e -c(x-y) 2 /t 
W 2 

y < 2x, x £ (0, 00), 



dt 







-dt < C 



< 



C 



Hence, we conclude that 

r xy/2 

(61) 



\x-y\ 3 \x-y\ 2 



C 



y > 2x, x £ (0, 00). 



d x d t Wf(x,y) \dt < -, x,y £ (0,oo), x ^ y. 



I-'- - 



According to ( 44 ) and by taking in mind the above calculations we get 

A 



d x d t W t A (x,y) <C- 



<C 



t 2 



t 2 



xyy + y_ ^xy^ 



A-l 



1 + v ^)' *' x >y e (°>°°)> X V ^ 2t -> 



provided that A > 1. Then, 

\d x d t W t x (x,y)\dt <C 



xy/2 



t 2 



1 + 



dt 



(62) 



<C 



c 



x 2 + y 2 (x 2 + y 2 ) 3 / 2 J \x — y\ 



< 



x,y £ (0,oo), x^y. 
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From (61 1 and (62 1 we deduce that 
(63) \d x K*(x,y)\<C, 



»fM/2 



F ~ 2/1 



r , x,y € (0,oo), x^y. 



Since K*(x, y) — K*(y, x), x, y £ (0, oo), we also have that 



(64) 



ttM/2 

\d y K*{x,y)\<C- - 2 

\x-y\ z 



, x,y£ (0, oo), x ^ y. 



By (60), (63 1 and (64 1, K* is a standard Calderon-Zygmund kernel. 

By applying now the Calderon-Zygmund theory for Banach valued singular integral we ob- 
tain that the operator A A " can be extended to L 1 ((0,oo),X) as a bounded operator from 
L 1 ((0,oo),X) into L^°°((0,oo),X). Moreover, S, Q, p3l) and d&l lead to 



A 2 " 

II A IIl 1 ((0,oo),X)^L 1 .~((0,oo),A) 

where C > does not depend on oj. 



□ 



Proposition 7.2. Le£ H ie a Hilbert space and A > 0. Then, || A^||l 2 ((o,oo),H) = 1> / or euery 
w G E\ {0}. 

Proof. We consider / e L 2 (0, oo) <g> H, that is, / = 52 j= i a j/j where aj G H and /j £ L 2 (0, oo). 
By using Plancherel equality for Hankel transforms on L 2 (0,oo) we can write 



\hx(f)(x)\\ u dx 



(h x (f)(x),h x (f)(x)) m dx 



- ^ (a-i, aj)w 



h\(fi){x)h\{fj)(x)dx= y2{ai,aj) a / f l {x)f j (x)dx 

■1 Jo 



\f(x)\\mdx. 



Hence, h x can be extended to L 2 ((0, oo), H) as a bounded operator from L 2 ((0, oo), Ef) into itself. 
Since |y 2i ^| = 1, y £ (0, oo) and w S R \ {0}, by Eol we conclude that, for every ui £ K \ {0}, 
A l A " is bounded from L 2 ((0,oo),H) into itself and 



II Aa"IU 2 ((0,oo),H)->.L 2 ((0,oo),H) — 1. 



□ 



Let u6l\ {0} and assume that B = [H, X]g, where H is a Hilbert space and X is a UMD 
space, < 8 < -d/n. Then, by using the interpolation theorem for vector-valued Lebesgue spaces 
[H Theorem 5.1.2], Propositions 7.1 and 7.2 we deduce that, A A W is a bounded operator from 
L p ((0,oo),B) into itself, being p = 2/(1 + 0) and 

l|ArlU»((0,oo),B)->£»>((0,oo),B) <C||^A ; |lL2( e (0iOo)iH) ^ i 2( (0:Oo)i 



I A IUI II 

I^A llL 1 ((0,oo),Jf)->L 1 -°°((0,oo),A) 



<Cf e MVp-V 2 )l"l. 



Here C > does not depend on w. 

Since A A " is selfadjoint, by using duality and that [H,X]g = [H*,X*]e (see 
get 

ll A A IIlp'((0,oo),B)-vLp'((0,oo),B) S <^e 

Hence, another interpolation leads to 

(65) ||AriU,((o,oo),B)^((o,oc),B) < Ce 2 ^- 1 / 2 ^, p < q < p' . 



p. 1007]) we 
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Since m is a bounded holomorphic function in Y]^, the function M(y) — m(y 2 ), y S (0, oo), 
is bounded and holomorphic in The P ro °f now can be finished by proceeding as in the 

proof of |34l Theorem 3] and by using ( 65 1 . 
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